The fundamental suppositions and the conclusions of a recent article on "Coulomb corrections to e + e − production in ultra-relativistic nuclear collisions" by A.J. Baltz et al. are confronted with the latest progress in understanding lepton pair production in the external field of colliding nuclei in the high-energy limit and the mathematically and physically consistent up-to-date solution to the puzzle of higher-order corrections. It is shown that the proposed new solution to the question of higher-order corrections violates and ignores elementary facts concerning the high energy behaviour of lepton scattering and lepton pair production. It is thus basically incompatible with the latest results in this topic and has consequently to be considered as incorrect.
Introduction
In a recent article of A.J. Baltz et al. [1] a new solution to the puzzle of higher-order corrections to electromagnetic lepton pair production is offered. This solution is claimed to finally close the vivid debate about higher-order corrections.
Two different results for higher-order effects on the electromagnetic lepton pair production in the field of ultrarelativistic colliding nuclei have been discussed in the recent past. The first result has been derived from the exact lepton scattering amplitude. In this approach the entire higher-order corrections to the two photon result accumulate in pure phase and thus vanish in the cross section [2, 3, 4, 5] . The second result has been obtained by a direct calculation of pair production diagrams. There it could be shown that higher orders indeed influence the pair production cross section. Moreover, the estimation of these corrections in logarithmic accuracy revealed that higher-order effects reduce the cross section considerably -up to −25% for e + e − at RHIC [6] . Previously, the riddle of this discrepancy was already solved. The essential arguments can be summarized in the following three points:
1. In the high energy limit the analytical continuation of the scattering amplitude into the pair production channel is not allowed, i.e. crossing symmetry got lost [7] .
2. The amplitude used in the first approach, starting from lepton scattering, is not the pair production amplitude but can be interpreted as an amplitude describing the production of a lepton and an antilepton whose wavefunction asymptotically contains an outgoing spherical wave. This quantity can be used to calculate the total pair production cross section [7, 8] .
3. In the first approach, starting from lepton scattering, the calculation of the total pair production cross section led to vanishing higher-order effects because of an improper evaluation of the occuring integrals [7, 8] . at all whether it agrees with results that are known to be approximate." Accordingly, these results are completely ignored! The discrepancy of the different approaches is instead blamed on the assertion that the calculation via the scattering amplitude leads to the total inclusive pair production cross section whereas the direct calculation only gives the exclusive cross section.
The purpose of this comment is to discuss the above arguments in order to prove that the conclusion of the adressed article is completely ungrounded and, moreover, that the intended contribution to the discussion about the mentioned discrepancy is meaningless. In addition, the community shall be provided with a deeper insight permitting a critical and comprehensive reading of this article and a funded scientific dispute of the problem. A public statement of personal beliefs -like the one cited above -is not useful in this context.
Crossing symmetry
It is easy to show that the two different approaches differ already on the one-loop level. By investigating solely this simplest higher-order correction to the two-photon graph the main reason for the difference of the two approaches can be found.
Since the first result is obtained by the application of crossing symmetry to the exact lepton scattering amplitude whereas the second result follows from a direct calcu-lation of pair production diagrams it is obvious to assume the reason for the structural difference in the crossing behaviour of the scattering amplitude.
Crossing symmetry is an analytical property of the invariant amplitude. At the tree level this property is obvious, in higer-order processes it is mainly based on the fact that the amplitude is a function of the residua of all propagator and potential poles enclosed in the integration contours of the occuring loop integrals. The analytic continuation of the amplitude into the kinematical domain of the crossing channel, using the common substitution rule for the in-and outgoing momenta, effectively results in a rearrangement of the transformed particle's propagator poles -thus in a change of the residua which in turn induces the appropriate modification of the amplitude.
Evidently, a necessary condition for crossing symmetry is therefore that all crossing channels possess the same amount of singularities in the chosen contour, which is normally the case. A separate investigation of both the scattering and the pair production channel in the high-energy limit γ → ∞ shows, however, a different picture. Considering particularly the lowest order alternating interaction of the lepton with both ions one finds that in the scattering case one has no singularities of the light-cone momentum in one half plane and two in the respective other whereas in the pair production case one encounters one singularity in each half plane. The resulting amplitudes are not any more connected by crossing symmetry [7] .
The reason for this pathological behaviour is found when evaluating both amplitudes for finite γ. It turns out that for lepton scattering the singularities of the lepton propagators in one half plane are of the order O(γ 2 ) while in the other half plane they are located at finite, γ-independent positions. The transitions to pair production changes the situation in that respect that both, in the upper and lower half plane there is a singularity at a γ-independend position and a singularity of the order O(γ 2 ), respectively. In the limit γ → ∞ the singularities of order O(γ 2 ) are shifted to infinity and thus escape from any integration contour. One is finally left only with those singularities determinig the specific high-energy behaviour of the considered process. Such a simplification of the pole-strucure is a well known procedure to study high-energy features -it is used, e.g. in the so-called eikonal propagator (see e.g. [9, 10] ) or the impulse approximation (see e.g. [11] ), generally formulated in terms of light-cone momenta, or in techniques involving Sudakov-variables [12] . The facilitated access to the high-energy behaviour of certain processes is, however, payed with the loss of crossing symmetry.
Bremsstrahlung and photoproduction of leptons in the external field of a nucleus in the high-energy limit are a good example for the discussed behaviour of the amplitudes. The advantageous possibility to formulate the respective amplitudes in the so-called impact-factor representation is a result of the appropriate simplifications of the amplitudes' analytic structure, the corresponding loss of crossing symmetry can be read off directly from the associated diagrammatic representation of both processes [13] .
A pair production amplitude with wrong asymptotic behaviour
To calculate differential cross sections it is mandatory to consider the correct asymptotic behaviour of the in-and outgoing states. Since any measuring processsuch as the preparation of ingoing or the detection of outgoing particles -projects on eigenstates of the momentum operator, one has plane plus outgoing spherical waves for the initial and plane plus ingoing spherical waves for the final states, respectively (see [14] for specific discussion of this point). Crossing symmetry in general properly connects outgoing spherical waves of ingoing particles with ingoing spherical waves of outgoing antiparticles, and vice versa, thus preserving the correct asymptotic behaviour.
But in the present case dealing with the pathological limit γ → ∞ one has to be aware of the following: On the one hand, the scattering and the pair production process are no longer connected by crossing symmetry and the usual substitution of the momentum of the incoming lepton by the negative momentum of the outgoing antilepton will not lead to the pair production amplitude. If, however, on the other hand this substitution is not carried out thoroughly such that the sign of the eikonal phase of the interaction of the ion with the antilepton remains unchanged (as it was done erroneosly in preceding papers [2, 3, 4, 5] on which the adressed article is based) one incidentally obtains an amplitude describing the production of lepton pairs in which the wavefunction of the outgoing antilepton contains an outgoing spherical wave [7, 8] .
According to the above, this amplitude is inappropriate for the calculation of differential cross sections but it may be used to claculate the integrated, total pair pair production cross section (see e.g. [15] ). This follows from the fact that any complete set of orthonormal wavefunctions may be used to describe the outgoing particles since completeness relations apply in the evaluation of the total cross section.
A simple example for these arguments may again be found in bremsstrahlung and photoproduction of leptons in the high-energy limit. Although these processes are not any more connected by crossing symmetry, it is easy to show that with the appropriate transformations the bremsstrahlung amplitude may be used to calculate the total photoproduction cross section and vice versa [7] .
After these considerations the situation is as follows: At finite energies of the ions the lepton pair production amplitude and the lepton scattering amplitude are connected by crossing symmetry and one may equally calculate any of the processes and obtain the result for the respective other process via the usual substitution of the particles' momenta. However, the analytical calculation of higher orders seems to be a forbidden task at finite energies of the ions, γ, whereas at ultrarelativistic energies of the ions one may take recourse in the unphysical, pathological limit γ → ∞, winning easy access to higher orders via a simplified pole structure of the amplitude but loosing crossing symmetry at the same time. Thus the exact scattering amplitude does not provide a gateway to the pair production amplitude which is needed to calculate differ-ential pair production cross sections. Instead, the exact scattering amplitude may be transformed into an amplitude describing the production of a lepton and an antilepton, asymptotically containing outgoing spherical waves, i.e. showing the wrong asymptotic behaviour.
By the use of completeness relations the exact scattering amplitude can be used to calculate the total pair production cross section. Since it is this amplitude with the wrong asymptotic behaviour that is mistakenly used in the paper of Baltz et al. to describe the pair production process, it is after all surprising that the result for the total cross section disagrees with the result from the direct evaluation of pair production diagrams. The reason for this disagreement is given in the last point adressed in this comment.
Evaluation of the total cross section
The statements made so far lead to the postulate that the higher-order corrections to the total pair production cross section obtained from both, the direct calculation as well as the indirect calculation via the scattering amplitude agree. One may even postulate that the higher-order corrections to the scattering process itself are of the same form as the corrections to pair production. This is indeed the case but it is by far not obvious so that it was likely to be denied frequently in the past. The reason is found in the different kinematical domains being decisive for the corrections in the respective approaches [8] . It can be shown that in the pair production case momentum transfers of the ions to the lepton pair of the order of the lepton mass m give the dominant contribution to the higher-order corrections whereas in the scattering channel the higher-order corrections stem from vanishing momentum transfers ∆ < ∼ m/γ. If the scattering cross section was integrable in a Riemannian sense this kinematical region had zero measure in the high-energy limit and would not affect the final result. One obtained the result of Baltz et al. wrongly implying that higher-order corrections vanish identically. However, especially at zero momentum transfer the scattering amplitude requires a more rigorous description in terms of generalized functions (see e.g. [13] ), and, even worse, the cross section has followingly to be considered as the squared absolute value of generalized functions. Naturally, this necessitates special care in the integration.
It was shown that this problem can be circumvented by either using an appropriate regularization of the integrals [8] or by rewriting the amplitude into a suitable form which directly reveals the presence of higher-order corrections of the same form as obtained in the direct calculation [7] .
Again I want to stress the example of bremsstrahlung and photoproduction of leptons in the high-energy limit. It is well known that both processes possess higherorder corrections of the same form being caused by different kinematical domains [16] . These corrections are independent of the energy γ such that in the high-energy limit they only vanish relative to the leading term but never identically.
Concluding remark
The conclusion that stringently follows from the previous discussion is given in form of a specific remark about the question whether inclusive or exclusive cross sections are calculated.
As I have shown above in a mathematically and physically consistent way the result of the first approach (starting from the exact scattering amplitude) for the total lepton pair production cross section entirely coincides with the result of the direct calculation. Thus neither of the approaches contains more physics or less physics.
It is also clear from the diagrammatical structure of both approaches that vacuum diagrams and multiple pair production are not considered. The unitarity violation of the result is well known and can be cured, e.g., within S-channel unitarization [17] . Multiple pair production and vacuum diagrams are known to naturally occur as necessary ingredients for a complete desription of pair production. The quantity derived in either of the two approaches is thus incomplete in that respect but can -within a simplified description of multiple pair production e.g. in terms of a Poissonian distribution (see e.g. [18] ) -be related to the mean number of produced pairs. The undeniably present higher-order corrections thus lead to a reduced mean number of pairs.
The conclusions drawn in the article of A.J. Baltz et al. after all have to be considered as incorrect.
